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The finite size effect on hadron physics and quark matter has attracted much interest for more
than three decades, it is still in suspense whether the periodic (with zero-momentum mode) or
the anti-periodic (without zero-momentum mode) spatial boundary condition should be applied for
fermions. In the framework of four-fermion interacting Nambu–Jona-Lasinio model, it is found that
the droplet quark matter is always more stable when the periodic spatial boundary condition is
applied, and the catalysis of chiral symmetry breaking is observed with the decrease of the system
size, while the pions excited from the droplet vacuum keep as pseudo Nambu-Goldstone bosons.
The catalysis of chiral symmetry breaking and pseudo Nambu-Goldstone pions in small system are
similar to those in quark matter under strong magnetic fields. It is noticed that the stronger the
magnetic field the smaller the magnetic length of the charged particle. Furthermore, it is found that
the zero-momentum mode contribution brings significant change of the chiral phase transition in a
droplet of cold dense quark matter: the 1st-order chiral phase transition becomes quantized, which
is a brand-new phenomena.
PACS numbers: 12.38.Mh,25.75.Nq,11.10.Wx,04.62.+v
I. INTRODUCTION
Size effect attracts wide interests in different physical
systems. For example, in a recent PNAS article [1], scien-
tists realize that the most essential factor of making the
grape plasma in microwave oven is the grape size, which
is comparable with the typical microwave length, so that
the grape can ”trap” microwaves. Finite size effects on
phase transitions were studied four decades ago [2] and
finite size effect in Quantum Chromodynamics (QCD)
of hadron physics has attracted much interests for more
than three decades [3–7], which is important to extract
hadron properties from numerical simulations on finite
and discrete Euclidean space-time lattices. The study of
finite size effect on quark matter and QCD phase struc-
ture becomes necessary and important [8–14] due to the
fact that the hot/dense matter created through heavy-ion
collisions has finite volume with typical size of a nuclei.
In recent years, it attracts lots of interests to understand
the strong long-range correlations observed in small sys-
tems created through pp and pA collisions [15, 16], which
is quite similar to that in AA collisions [17].
As there is a typical length in the grape plasma, i.e.,
the microwave length, in QCD system the typical length
is the pion Compton length λpi = 1/mpi ∼ 1.41fm. When
the system size is much larger than the pion Compton
length L >> λpi, hadron properties and phase transi-
tions satisfy some finite size scaling (FSS) behavior [2, 5].
When the system size is comparable with or even smaller
than the pion Compton length L ∼ λpi, the size effect
becomes significant.
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In the case of finite volume, the general method is to
replace the momentum integral to momentum summa-
tion, i.e.
∫
d3p
(2pi)3 → 1V
∑
p, with V the volume of sys-
tem. For bosons, the most natural choice of boundary
condition in the spatial direction is periodic, which im-
plies that the momentum is summed from the exact zero-
momentum mode ~p = 0 in finite system. However, for
fermions or quarks, its boundary condition (BC) in the
spatial direction has been always ambiguous, it can be
either anti-periodic (AP) or periodic (P). Previously, the
anti-periodic boundary condition (AP-BC) is applied in
most cases for fermions in the spatial direction in order
to keep the so called permutation symmetry between the
time and space directions [13, 14], and also to be con-
sistent with the results of volume dependent pion mass
from chiral perturbation theory (ChPT) [5].
The boundary condition becomes important when the
system size is comparable with the pion wavelength. Ap-
plying AP-BC and P-BC to fermions induces two oppo-
site results on the properties of QCD vauum: the AP-BC
induces the chiral symmetry restoration, while the P-BC
induces the catalysis of chiral symmetry breaking in the
vacuum, respectively. The catalysis of chiral symmetry
breaking in small system with P-BC including the zero-
momentum mode contribution immediately reminds us
the system of quark matter under strong magnetic field
B [18, 19], where the summation of discrete energy is
taken from the lowest Landau level, which is basically the
zero-momentum mode. It is not difficult to understand
the similarity between the two systems, if we recognize
that for charged particle carrying charge q, the magnetic
length l is proportional to the inverse of the square root of
the magnetic field, i.e. l ∼ 1√|q|B [20], thus the stronger
the magnetic field the smaller the magnetic length will
be.
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2With the increasing interests on small system, it needs
to be clarified urgently which spatial boundary condition
for fermions should be choosed. In Sec.II we compare
the thermodynamical potential of the small size system
applying P-BC (with zero-mode) and AP-BC (without
zero mode), respectively, and the lower thermodynami-
cal potential determines the stable ground state of the
small system. The results of catalysis of chiral symmetry
breaking and pseudo NG pions are obtained in Sec.III,
and then in Sec. IV we show the quantized 1st-order
phase transition in cold droplet quark matter. At last we
give summary and discussion.
II. THE GROUND STATE OF DROPLET
QUARK MATTER, THE CATALYSIS OF THE
CHIRAL SYMMETRY BREAKING AND THE
PSEUDO NG PIONS
It is noticed that in this work, we only focus on dis-
cussing the boundary condition of fermions and neglect
the finite size effect from gluon dynamics, therefore we
can use the simplest four-fermion interacting Nambu–
Jona-Lasinio (NJL) model. The Lagrangian density of
2-flavor NJL model with interaction only in the scalar
channel [21] is given by:
L = ψ¯(iγµ∂µ −m)ψ +G[(ψ¯ψ)2 + (ψ¯γ5~τψ)2], (1)
where ψ = (u, d)T is the doublet of the two light quark
flavors u and d with the current mass m = mu = md, and
~τ = (τ1, τ2, τ3) the isospin Pauli matrix. Introducing the
auxiliary scalar and pseudo-scalar fields σ = −2G〈ψ¯ψ〉
and ~pi = −2G〈ψ¯iγ5~τψ〉, and only considering the scalar
condensation in the vacuum, the effective potential of the
system in the Pauli-Villars regularization scheme takes
the form of:
Ω =
σ2
4G
− 2NcNf
∫ ∞
−∞
d3p
(2pi)3
[
3∑
j=0
cj
√
E2 + jΛ
+T ln(1 + e−
E+µ
T ) + T ln(1 + e−
E−µ
T )], (2)
with M = m+σ the constituent quark mass, and the dis-
persion relation E =
√
p2 +M2, T the temperature and
µ the quark chemical potential, respectively. Model pa-
rameters are fixed as c0 = 1, c1 = −3, c2 = 3, c3 =
−1 and Λ = 782.37MeV and G = 6.197/Λ2 by fitting
pion decay constant fpi = 93MeV, and quark constitute
mass M = 330MeV.
Putting quark matter in a cubic box with finite length
L, the momentum integral is replaced by summation of
the discrete momentum
∫
d3~p
(2pi)3 → 1V
∑
~p with V = L
3
the volume of the system. There is no strict rule to
rule out either P-BC ~p2 = ( 2piL )
2
∑
i=x,y,z n
2
i or AP-BC
~p2 = ( 2piL )
2
∑
i=x,y,z(ni +
1
2 )
2 with ni = 0, 1, 2, ... for
fermion momentum summation, therefore both spatial
boundary conditions have been applied for fermions for
several decades in literatures [8–14].
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FIG. 1: The effective potential of the small system for three
different sizes L = 5, 3, 2 fm as a function of the chiral con-
densate σ at T = 0, µ = 0 by applying the periodic (blue
lines) and anti-periodic (green lines) spatial boundary condi-
tions for quarks, respectively.
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FIG. 2: The constituent quark mass and pion mass as a func-
tion of the system size L at T = 0, µ = 0 by applying the
P-BC and AP-BC for quarks, respectively. Mzero−mode is
obtained with only zero-mode contribution.
It is well-known the ground state of the system is de-
termined by the effective potential. We show the effective
potential of the finite size system by applying P-BC and
AP-BC boundary condition, respectively in Fig.1. At
T = 0, µ = 0, it is observed that when applying the P-BC
for quarks, the effective potential becomes lower with de-
creasing size, while when applying the AP-BC for quarks,
the effective potential becomes higher with decreasing
size. This indicates that the small system prefers the
P-BC for quarks, in which the zero-momentum mode is
taken into account.
From the effective potential in Fig. 1, we can read the
chiral condensation in the vacuum, and the correspond-
ing constituent quark mass and pion mass are shown in
Fig. 2 by applying the P-BC and AP-BC for quarks, re-
spectively. We can read that when applying the P-BC
for quarks, with the decreasing of the system size, the
chiral condensate enhances while pion mass keeps as a
constant. This is the familiar phenomenon of catalysis
3of chiral symmetry breaking also observed in quark mat-
ter under strong magnetic fields, where only neutral pion
keeps as pseudo NG boson. On the other hand, if AP-PC
is applied for quarks, it is found that the chiral symme-
try is restored in small system and pions become heavier
in the vacuum. From symmetry analysis, it is unlikely
the internal symmetry of quarks will be affected by finite
size.
The only difference between the P-BC and AP-BC is
whether to take into account the zero-momentum mode
contribution. For discrete momentum, the gap between
the zero-mode and the first-mode is 2piL , therefore, when
the system becomes small enough, the zero-momentum
mode contribution becomes dominant which can be seen
from the constituent quark mass with only zero-mode
contribution, as shown in Fig. 2. This is also the same as
the case of strong magnetic field where the lowest Lan-
dau level contribution dominates. Remember that for
charged particle carrying charge q, the magnetic length l
is proportional to the inverse of the square root of mag-
netic field, i.e. l ∼ 1√|q|B , thus putting charged particles
under the strong magnetic field in some sense is similar
to put these particles in an elongated cylinder with small
radius l.
III. QUANTIZED 1ST ORDER PHASE
TRANSITION IN COLD DROPLET QUARK
MATTER
In last section, we showed the ground state of the small
system favors applying the P-BC for quarks, and the
zero-mode contribution becomes dominant in small sys-
tem. Now we investigate the chiral phase transition at
high temperature and/or baryon density with changing
of the finite size. For infinite volume system, the NJL
model predicts a critical end point for chiral phase transi-
tion in the (T, µB) plane located at (T
E = 48MeV, µEB =
994MeV) with µB = 3µq the baryon chemical potential.
When the size decreases from L =∞ to L = 5fm, which
is much larger than the pion wavelength λpi, there is al-
most no changing for the properties of the system.
When the size further decreases, the properties of the
system start to change dramatically. It is found that in
certain region of the chemical potential, there are two
branches of 1st-order phase transition showing up and
two CEPs appears on the (T, µB) plane. This was also
observed in Ref.[13]. The showing up of two branches
of 1st-order phase transition can be clearly explained
through Fig. 3. In the region of 2 fm < L < 5 fm, the
constituent quark mass jumps twice with the increase of
chemical potential, the position of the jump determines
the location of the CEP. This multi-jump structure is
caused by the zero-mode contribution. With the decrease
of the system size, the zero-momentum contribution be-
comes more and more important. The first jump of the
quark mass happens at lower critical chemical potential
and the magnitude of the jump becomes bigger and big-
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FIG. 3: The constituent quark mass as a function of the
baryon chemical potential µB = 3µ with different sizes of
the system.
FIG. 4: The 3D plot of κσ2 in (T, µ) plane with different sizes
of the system.
ger, and the location of the first CEP shifts to lower
chemical potential. The second jump of the quark mass
appears at higher chemical potential and its magnitude
becomes smaller and smaller and the location of the sec-
ond CEP moves to higher and higher chemical potential.
Eventually only the first jump shows up.
We want to emphasize that such quantized 1st-order
phase transition is a brand-new phenomena.
To show more clearly how these two branches of phase
transitions evolves with the system size, we show the 3-
dimension (3D) plot of the kurtosis of baryon number
fluctuations κσ2 in the (T, µB) plane. The ratio of the
fourth to the second order cumulant of quark number
fluctuations κσ2 = c4c2 with cn = V T
3 ∂n
∂(µ/T )n (
p
T 4 ) is used
as a measurement to locate the CEP in beam-energy scan
at RHIC experiment [22]. At L = ∞, there is only one
4typical 1st-order phase boundary. It is observed clearly
that when the system size decreases, two branches of 1st-
order phase transition show up on the (T, µB) plane, one
branch moves to higher chemical potential and eventually
disappears, and another branch shifts to lower chemical
potential region and then becomes dominant.
IV. SUMMARY AND DISCUSSION
Even though the finite size effect in QCD physics has
attracted lots of interests for more than three decades,
the ambiguity still exists whether to apply the periodic or
the anti-periodic spatial boundary condition for fermions.
In this work, we find that the ground state of quark
matter favors the periodic spatial boundary condition, in
which the zero-momentum mode is taken into account. In
this stable small system, the catalysis of chiral symmetry
breaking is observed with the decrease of the system size,
while the pions excited from the droplet vacuum keep as
pseudo Nambu-Goldstone bosons. The catalysis of chiral
symmetry breaking and pseudo Nambu-Goldstone pions
in small system are similar to those in quark matter under
strong magnetic fields. The similarity between these two
systems is understandable because the stronger the mag-
netic field the smaller the magnetic length of the charged
particle will be.
Furthermore, it is found that the zero-momentum
mode contribution brings significant change of the chiral
phase transition in a droplet of cold dense quark matter:
the 1st-order chiral phase transition becomes quantized,
which is a brand-new phenomena. We want to empha-
size that this is the first time to observe the quantized
1st-order phase transition in literatures, which is a brand
new phenomena. As we analyzed in this work, the quan-
tized 1st-order phase transition is induced by the quan-
tized momentum summation and in this case the zero-
momentum mode contribution becomes non-negligible.
We speculate that similar phenomena can be observed in
quark matter under strong magnetic field, in some small
systems in condensed matter, and it may also show up
in mini black holes.
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